Abstract The principal objective of the present paper is to investigate the onset of convection in a horizontal layer heated from below which consists of distinct porous sublayers which are separated by solid heat-conducting partitions. Each of the porous sublayers are identical as are the solid partitions. The present analysis employs linearised stability theory and a dispersion relation is derived from which neutral curves may be computed. For two-layer configurations the dispersion relation may be written explicitly, but for larger numbers of sublayers a simple systematic numerical procedure is used to compute the dispersion relation which, while it may also be written analytically, rapidly becomes increasingly lengthy as the number of sublayers increases. It is found that neutral curves are always unimodal and each has a well-defined single minimum. We attempt to give a comprehensive physical understanding of the effect of the number of layer, the relative thickness of the partitions and the conductivity ratio on the onset of convection and the form taken by the onset modes. Our results are compared with those of Rees and Genç [1] who considered the special case where the partitions are infinitesimally thin.
Introduction
A large number of papers have been published which have considered the effect of layering in one form or another on the onset and subsequent development of convection in layers heated from below. One of these, which considers two horizontal layers of fluid heated from below where the two fluid layers are separated by an impermeable horizontal interface, was written by Proctor and Jones [2] . A linear stability analysis yielded information about the onset of convection. It was found in some cases that the neutral stability curve is bimodal, and the authors then continued to consider weakly nonlinear convection where the two critical wavenumbers were in the ratio of 1:2. Catton and Lienhard V [3] considered a similar configuration but allowed the solid partition to be of finite thickness and therefore its conductivity became of importance.
In the present paper we also concentrate on a layer consisting of a number of sublayers, but attention is focussed on convection taking place in a porous medium rather than a clear fluid. The sublayers are identical in every respect and the partitions are also identical in every respect. Layering has been quite a favoured topic of study in the field of porous media because of its supposed application to geological systems. A series of papers by McKibbin and colleagues (McKibbin and O'Sullivan [4, 5] , McKibbin and Tyvand [6, 7, 8] as well as others (Masuoka et al. [9] , Rana et al. [10] , Rees and Riley [11] ) have teased out quite a substantial amount of information about the surprisingly detailed problem of the osnet of convection and its weakly nonlinear development. For a general layered system McKibbin and O'Sullivan [4] provided quite a comprehensive analysis of the onset problem and this was subsequently developed into a weakly nonlinear analysis by McKibbin and O'Sullivan [5] ). A three-dimensional weakly nonlinear analysis by Rees and Riley [11] showed that two-dimensional convection is sometimes unstable, the realised pattern being a set of cells with square planform. They also found bimodal curves, which suggests that these may be quite ubiquitous in layered configurations. One example of a trimodal configuration was also found.
McKibbin and Tyvand [7] considered alternating configurations of sublayers, where neighbouring sublayers were thick and thin. The thermal properties of each type of sublayer were taken to be identical but the thin layers had low permeability. This meant that an anistropic modelling such as was undertaken in McKibbin and Tyvand [6] could not be done so easily because convection cells were found to be localised in the thick sublayers. Jang and Tsai [12] considered a three-layer configuration where the middle sublayer is impermeable, but thermally conducting, and of finite thickness. It was found that the system is at its most stable condition when the partition is located centrally. Rees and Genç [1] considered a variation on this overall theme by insisting that the thin layers were of infinitesimal thickness and impermeable. In such composite layers convection patterns are localised within the porous sublayers. There were three surprising results which were found: (i) neutral curves naturally bunch into groups of N when there are N sublayers; (ii) the dispersion relation for N sublayers factorises into N similar factors, and this facilitates a large part of the general analysis while explaining the bunching of the neutral curves, and (iii) the system tends towards one with a critical Rayleigh number of 12 and wavenumber of 0 as the number of sublayers increases -this is significant because these critical values correspond to a single porous layer subject to constant heat flux boundary conditions, whereas the overall problem has constant temperature boundary conditions.
In this paper we consider a more physically realistic version of the work undertaken by Rees and Genç [1] . The porous layer will consist of N identical porous sublayers, which are separated by identical solid partitions, but these partitions have finite thickness. A formula for the dispersion relation is obtained, account being taken of the temperature variations within the solid partitions. We obtain neutral curves, mode shapes and the manner of the variation in the critical values as the governing parameters (namely the diffusivity ratio, d, the thickness ratio, δ, and the number of porous sublayers, N ) vary.
Governing equations
We consider the onset of convection in a horizontal porous layer which consists of a number of identical porous sublayers of thickness, H, which are separated by solid partitions each of thickness, h. Thus while fluid may not pass from one sublayer to another, conductive heat transfer may take place through the solid partitions. A configuration which consists of three sublayers is depicted in Fig. 1 .
It is assumed that the Boussinesq approximation is valid, that the porous medium is homogeneous and isotropic, that the phases are in local thermal equilibrium, and that the fluid motion satisfies Darcy's law in addition to the buoyancy effects. Given the above dimensions, a general system of N porous sublayers has overall height, H, given by
Dirchlet boundary conditions for temperature are applied on the outer horizontal surfaces of the layer, as shown in Fig. 1 , and the continuity of both temperature and heat flux condition are applied at all interfaces. The governing equations are non-dimensionalised by using H as the representative lengthscale, rather than H, and by using the temperature drop across one sublayer, rather than across the system as whole; this has the advantage of yielding much easier comparisons between cases which consist of different numbers of sublayers, particularly the classical single-layer DarcyBénard problem. Given that we are performing a linear stability analysis in an unbounded horizontal layer, all three-dimensional modes may be decomposed into sums or integrals of two-dimensional roll cells. Here, we present our analysis in terms of two-dimensional equations. The non-dimensional governing equations for the problem considered herein are given by (see Nield and Bejan [13] ),
for porous sublayer j, where 1 ≤ j ≤ N , and by
for solid layer, j where 1 ≤ j ≤ N − 1, and where κ is the diffusivity ratio, α s /α pm . In the above, Ra is the Darcy-Rayleigh number which is defined according by
We note that, if the upper and lower surfaces of the composite layer are maintained at the respective dimensional temperatures of T c and T h , then ∆T , which is the temperature drop across one porous sublayer, is given by,
Therefore, if we had used the thickness and temperature drop across the full layer in the definition of the Darcy-Rayleigh number, then it would be larger by the factor,
than the present definition.
Without loss of generality we restrict our analysis to two dimensions and therefore the streamfunction, ψ, may be introduced for the porous sublayers as follows,
Therefore Eq. (2) is satisfied, while Eqs. (3) (4) (5) reduce to,
These equations are to be solved subject to the following boundary and interface conditions,
where
This problem may now be seen to depend on four nondimensional parameters: N , the number of porous sublayers, δ = h/H, the thickness of the solid sublayers relative to the porous sublayers, κ, the thermal diffusivity ratio, and d = k s /k pm , the thermal conductivity ratio. We note that the analysis of Rees and Genç [1] corresponds to the case, δ = 0, where the solid layers are infinitesimally thin. Given that the onset of convection may be shown to be stationary (i.e. there is no Hopf bifurcation) these four parameters may be reduced to three (δ, d, and N ) since κ multiplies a time-derivative term.
Linear Stability Analysis

Perturbation Equations
The basic state which we analyse for stability is one for which there is no flow, and there is a temperature profile which is piecewise linear:
where j = 1, · · · N for the porous sublayers, and j = 1, · · · N −1 for the solid partitions. Perturbations are introduced by means of the substitutions,
where the disturbances are assumed to be sufficiently small that products of the disturbances may be neglected. Here the value, k, is the wavenumber. The governing equations for the disturbances are,
and the boundary and interface conditions become, z = 0 :
Equations (16-19) now form an eigenvalue problem for the Darcy-Rayleigh number as a function of the wavenumber, k, and the three governing parameters, namely δ, d and N . These equations may be solved numerically by introducing suitable modifications to codes which employ the shooting method, for example. However, it proves very much simpler and very much quicker to write a short code which computes a dispersion relation.
Derivation of the Dispersion Relation
Equations (16-19) take the form of a linear constant-coefficient system and therefore all possible solutions take the form, e αz , where α may be either real or complex. The solution of these equations in porous sublayer 1 may be written in the form,
We may apply the boundary conditions, Ψ 1 (0) = 0, Ψ 1 (1) = 0, and Θ 1 (0) to obtain B 1 = D 1 = 0 and the relation, A 1 sinh λ + C 1 sin σ = 0.
If we were to consider just one porous layer with no intermediate solid partitions, then the application of the final boundary condition, Θ 1 (1) = 0, leads either to A 1 sin λ = 0 or to C 1 sin σ = 0. The former may be solved only by setting A 1 = 0. The latter is satisfied when sin σ = 0, and the definition of σ given above leads quickly to the usual expression for the Darcy-Rayleigh number in terms of the wavenumber:
where n denotes the mode number. The lowest critical value of Ra arises when n = 1, and it corresponds to k c = π and Ra c = 4π 2 after minimisation of Ra with respect to k.
When we consider more than one porous sublayer, then we note first that the vector of the coefficients for the lowest porous sublayer which were introduced in Eq. (20) may be written in the form,
The solution of Eq. (18) for T 1 in the first solid partition (j = 1) is now,
Having the solution for T 1 , it is now possible to use the appropriate boundary and interface conditions to relate the solutions in porous sublayer 1 to those in porous sublayer 2. Given that the porous sublayers are identical, and that the solid partitions are also identical, it means that we may write down the following expression relating the respective vectors of coefficients for porous sublayers j + 1 and j:
for j = 1, · · · , N . Equation (26) may be written in more compact form as
Hence it is possible to solve for v j+1 in terms of v j , where v 1 is given by Equation (23). The solution procedure is completed by the application of the final boundary condition, namely that
If we now define
then the application of this boundary condition yields the following general expression for the required dispersion relation:
This is a relatively simple formula to encode, and the task is made even simpler when one recognizes that the inversion of M may be replaced by the inversion of two 2 × 2 matrices instead. In general it is impossible to solve the resulting formula explicitly for Ra in terms of k, but numerical solution may be found using a simple Newton-Raphson formula. Neutral curves are most easily plotted by simply evaluating the formula for the dispersion relation on a fine grid of values of Ra and k and then drawing the zero contours; this procedure guarantees that no isolated branches of the neutral curve are omitted. Critical points are evaluated using a different Newton-Raphson scheme, one which has been described in detail in other papers; see Rees and Genç [1] and Rees and Mojtabi [14] .
While it is possible in principle to expand the dispersion relation given in Eq. (31), the resulting formulae are exceptionally lengthy to write down. However, when N = 2, we find that the dispersion relation takes the following form:
From this expression we see that the limit, δ → 0 (infinitesimally thin solid partitions), yields
which was derived in Rees and Genç [1] .
Results and discussion
Our aim here is to provide a sufficient amount of information for a general understanding to be gained of the general properties of the onset problem for a layered porous system with conducting interfaces. This will include how neutral curves and mode shapes vary with the main nondimensional parameters, d and δ, and with N , the number of sublayers. To this end it will also be necessary to consider higher modes. A comprehensive account of the onset problem will be given for a selection of values of N , together with some general properties of mode shapes and the variation in critical values as the governing parameters vary. Many of the properties of such layered systems will be explained by comparison with the three main instances of the classical Darcy-Bénard problem with impermeable boundaries. There are three possible combinations of constant temperature and constant heat flux surfaces which may be considered; the relevant onset criteria for the single-layer problem are given in Table 1 .
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Neutral curves and mode shapes
Some representative neutral curves are shown in Figure 2 for two, three, four and five layers, while some corresponding mode shapes are displayed in Figure 3 . In each case we have selected the solid partitions to have a nondimensional thickness of δ = 0.1. In each subfigure in Figure 2 we show the first N modes for each of the cases, d = 0.1, 1 and 10, where there are N porous sublayers. Each of these curves possess a single minimum, and an extensive survey of a wide range of parameters seems to suggest that this is a univeral property of such convecting systems. However, we note that other types of layered system such those considered by Proctor and Jones [2] ) and Rees and Riley [11] , in which the sublayers may have different thickness and physical properties, admit neutral curves with more than one minimum in certain ranges of the governing parameters.
For each value of N we find that the critical Rayleigh number (i.e. the minimum value) and its associated wavenumber decreases as the conductivity ratio, d, decreases. The reason for this may be understood to some extent by appealing to the effective boundary conditions at the interfaces between the solid partitions and the porous sublayers. Therefore when d takes decreasing values the partitions have a decreasing conductivity, and therefore internal porous sublayers (i.e. for cases where N ≥ 3) have boundary conditions which tend to approximate increasingly well to the CHF/CHF case shown in Table 1 . Thus decreasing values of d cause the critical values of Ra and d to decrease. When N = 2 similar arguments may be made, although the sublayers now tend towards the CT/CHF case given in Table 1 Table 1 .
On the other hand, when d is very large compared with unity, the solid partitions are highly conducting, and therefore internal sublayers have boundary conditions which approximate to the CT/CT case shown in Table 1 . Therefore the critical values of Ra and k rise and are closer to 4π 2 and π, respectively. However, the situation is not as straightforward as this simple explanation suggests. The critical values when d = 10 which are shown in Figure 2 are much closer to the data given in [1] , than to the CT/CT cases. One reason for this is that, while the streamlines show that the flow consists of a stack of co-rotating cells, the temperature profile is essentially unicellular. But this aspect will be returned to later in the paper.
Although we do not show this explicitly due to lack of space, the layers considered here have neutral curves which obey the same 'clumping' properties as were given in [1] . Thus a system composed of N porous sublayers finds the neutral curves bunching into separate groups of N curves as k becomes large. We will not analyse this feature mathematically because the dispersion relation derived here does not lend itself to the simple factorisation found in [1] , who considered the case δ = 0. The description of the onset modes given above may be seen easily in Figure 3 . Most obviously seen is the predominance of the convective motion within the internal porous sublayers with relatively weak flow in the outer sublayers. While this was to be expected when d is small, given the physical arguments above, it is also true when d = 10. The above-mentioned fact that the temperature perturbation is 'unicellular' means that the buoyancy force driving convection in the outer sublayers will be the smallest of all the sublayers. In addition, the buoyancy force at any particular value of x (say half way along each of these subfigures in the x-direction) will have the same sign in each sublayer, and therefore the dividing streamline corresponds to flow in the same direction in all the sublayers.
The effect of the conductivity of the solid partition is also clear: there are relatively large temperature drops across the partition when d is small, which is associated with the continuity of heat flux, but they are almost perfectly isothermal when d is large. Thus when d = 100, the pertubation temperature profile in each of the partitions is very slightly parabolic with an opposite curvature to that of the profiles in the porous sublayers.
Mode shapes and critical values for higher modes
In this subsection we concentrate on how the critical values of the Rayleigh number and wavenumber vary with changes in the conductivity ratio, d. Attention is focussed on having very thin solid partitions where δ = 10 −3 . The qualitative nature of the following comments also apply for other values of δ. Figure 4 shows the first four mode shapes for each of the conductivity ratios, d = 10 −4 , d = 1 and d = 10 4 , when the layer consists of N = 4 porous sublayers. We note that the vertical component of the disturbance temperature profile, as given by the narrow inset to the right of each set of contours, has n − 1 nodal points for mode-n.
When the solid layers have a small conductivity, as represented by d = 10 −4 , convection is essentially confined to the middle two layers for the first two modes. As before, this is due to the fact that each of these sublayers are almost autonomous CHF/CHF layers. The first two modes are distinguished by the fact that cells are corotating for mode 1 but are contrarotating for mode 2.
The critical values of the Rayleigh number are, respectively, 14.25596 and 16.07931, which are both relatively close to 12. On the other hand, modes 3 and 4 are concentrated in the outer two sublayers, which are effectively separate CT/CHF systems. The respective critical Rayleigh numbers are 27.52554 and 27.52672, which are very close to one another and are just above the pure single layer CT/CHF value of 27.09762. The closeness of these critical values to one another reflects a large amount of exponential decay in the disturbance profiles across sublayers 2 and 3, and therefore sublayers 1 and 4 are only very slightly coupled to one another. Once more, mode 3 consists of co-rotating cells, while mode 4 has contrarotating cells.
When d = 1, the porous and solid sublayers have equal conductivity. Given how thin the solid layers are, they are are effective only in preventing flow between porous sublayers; both the temperature and temperature gradient are essentially continuous between the porous sublayers, and this configuration is now very close to that considered in [1] . Graphically, the modes depicted in Figure 4 are indistinguishable from those corresponding to the configuration of [1] . The critical data themselves are compared in Table 2 : Critical values of Ra and k for the first four modes of the case, N = 4, δ = 10 −4 and d = 1, and a comparison with the results of Rees and Genç [1] .
When d is large the interfaces act as a CT boundary and therefore Ra c and k c are close to that of the classical CT/CT Darcy-Bénard problem. For this extreme case, convection remains strongest in the middle two layers for mode 1, and cells situated above one another co-rotate. For mode 2, two pairs for co-rotating cells appear, although the upper two rotate in the opposite direction to the lower two. Indeed, for each of the three values of d that have been considered here, the order in which the modes appear when we consider the direction of rotation of the cells remains the same. Figure 5 shows the corresponding situation when N = 5. The number of nodal points in the vertical disturbance profile remains as n − 1 for mode n. Now that there are an odd number of porous sublayers, some of the qualitative features which arose when N is even are modifed when N is odd, while some remain the same. Thus mode 1 still consists of a set of corotating cells stacked above one another in the internal sublayers, and mode N consists of a set of contrarotating cells. On the other hand, modes 2 and 4 each have a very weak pair of contrarotating cells in sublayer 3. The dashed lines which appear in Figure 5 indicate the temperature disturbance, but the continuous line appears half-way up sublayer 3 for modes 2 and 4 is the zero contour for the streamfunction and demonstartes the presence of two weak contrarotating cells.
When d = 1, the system reverts once more to that considered in [1] , and Figure 6 and the corresponding wavenumbers in Figure 7 . Values of d vary from 10 −6 , which corresponds to very highly insulating solid partitions, to 10 6 , which corresponds to very highly conducting solid partitions. Figures 6 and 7 show that, for all values of N , there are always two modes (namely, modes N − 1 and N ) for which Ra c → 27.097628 and k c → 2.326214 as d → 0. These modes are always concentrated in the outer porous sublayers which are both effectively CT/CHF layers. Convection is then very weak within the internal porous sublayers. We find that mode N always corresponds to contrarotating cells in the outer two sublayers when N is even and to corotating cells when N is odd. [1] , where the solid partitions were taken to be infinitesimally thin and where continuity of temperature and heat flux conditions were applied. In the case, δ = 10 −3 , which is shown in Figures 6 and 7, it is clear that, despite Table, which gives the critical data for the case N = 2 and for dδ = 0.1 and dδ = 1. Table 4 : Critical values of Ra and k for the case, N = 2, with dδ = 0.1 and 1. Showing the approach to self-similarity as δ → 0.
For N = 2, the critical values corresponding to the limit, δ → ∞, are achieved to a high degree of accuracy well before δ rises to δ = 10, which is depicted as a dotted line in Figure 8 . For such a thick solid partition the temperature field decays with e-folding distance 1/k, given the form of Eq. (18). Here we have k ≃ 2.326, and therefore the temperature field in the bulk of the solid partition varies only by exponentially small amounts when δ = 10.
When there are three or more porous sublayers, then the the critical values (both Ra c and k c ) exhibit a very distinctive but universal variation as d increases from very small values to very large values when the partitions are thin. When d ≪ 1 then Ra c ∼ 12 and k c ∼ 0. When d rises to just above the value of δ, there is a rapid transition towards a regime in which the system is well-modelled by the analysis of Rees and Genç [1] . A second transition takes place close to d = δ −1 and the critical values then tend towards a final steady regime in which Ra c ∼ 4π 2 and k c ∼ π. Therefore these properties suggest the general observation that critical values found in [1] for which δ = 0, are valid to a high degree of accuracy for small values of δ, but only when
where δ = 10 −γ , and where γ > 1. Thus, for δ = 10 −1 we require that 10 −0.5 < d < 10 0.5 , and this represents the largest value of δ for which (34) holds.
When N ≥ 3, we may summarise as follows. We may say that if d is fixed, then the critical values found in [1] are obtained as δ →, which is intuitive. Conversely, if δ is fixed (even if this is an extremely small value), then d → ∞ recovers the critical values corresponding to the CT/CT single layer, while d → 0 yields those corresponding to the CHF/CHF layer. However, a form of self-similarity exists if we allow both d and δ to vary in a manner in which they are linked. If either dδ or d/δ remain constant as δ → 0, then the critical values depend on those respective constants.
Conclusions
The aim of this paper has been to present a comprehensive physical understanding of the behaviour of the critical parameters (Ra c and k c ) as functions of the governing parameters, d, δ and N , and to give some explanations in terms of the profiles of the onset modes. The linear stability analysis used a computed dispersion relation in order to determine the neutral curves and the associated mode shapes. Our results have been set into the context of the work by Rees and Genç [1] who considered the zero-partition-thickness limit, δ = 0. In that paper, it was assumed that there was continuity of heat flux across the zero-thickness partitions, and therefore it was deemed that the conductivity of those partitions played no role. In the present paper we have considered partitions of finite thickness, but have found that the results of Rees and Genç [1] also apply when δ is very small, but that there is a restriction on the allowable range of values of the conductivity ratio, d, for which this remains true. Thus, for a fixed value of d, whatever its magnitude, the results of [1] will eventually be attained as δ → 0, but if either dδ or d/δ is allowed to remain constant as δ → 0 the resulting critical values will depend on the magnitude of the constant.
Modal shapes were found to be concentrated within the interior sublayers independently of the values of the governing parameters. In some cases the magnitude of the disturbances in the outer sublayers is only slightly smaller than those in the interior sublayers; generally this happens when d is large or δ is small, but this conclusion depends on the relative magnitudes of these parameters. In other cases there is almost no disturbance in the outermost sublayers.
Many of the results presented here rely heavily on the symmetries of the composite layer which is composed of identical porous sublayers and identical solid partitions. Generally, an imperfection in any of the sublayers (such as the thickness or conductivity) or a solid partition, will destroy the symmetries which have been found in the modal profiles. This might open the way for the production of more exotically-shaped neutral curves. 
